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A SOLUTION TO THE HEAT EQUATION WITH A
CUBIC MOVING BOUNDARY
GERARDO HERNA´NDEZ-DEL-VALLE
Abstract. In this work we find a solution to the problem of the
heat equation which is killed at a cubic boundary f . The solution
turns out to be the convolution between the fundamental solution
of the heat equation and a function φ which solves a third order
ODE. However, the main contribution is the procedure itself, which
links in a rather straightforward way, solutions of the heat equation
with moving boundaries f through the convolution of the heat
kernel with suitable funtions φ.
1. Introduction
Solutions to the heat equation in moving boundaries of the form
νt(t, x) =
1
2
νxx(t, x),
ν(t, f(t)) = 0, (1)
(t, x) ∈ R+ × R, f ∈ C2
appear prominently in applications [see for instance: Hernandez-del-
Valle (2012) for applications on the first hitting problem of Brownian
motion; Bjo¨rk (2009) in the valuation of barrier options; Davis and
Pistorius (2010) in the quantification of counterparty risk; Martin-Lo¨f
(1998) for applications in biology]. In fact, explicit solutions to the
problem described in (1) are well known in some particular cases. For
instance:
(a) Linear boundary. For b ∈ R, the following function
ν(t, x) =
x√
2pit3
exp
{
−x
2
2t
}
+ b
1√
2pit
exp
{
−x
2
2t
}
. (2)
solves (1) in the case in which f(t) = −bt. [See for instance
Karatzas & Shreve (1991) for an example of this function in
the first hitting time of Brownian motion to a linear boundary.]
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(b) Quadratic boundary. Given that Ai is an Airy function and
ξ ∈ R− is any of its roots, then
ν(t, x) = exp
{
t3
12
+
tx
2
}
Ai
(
x+
t2
4
)
(3)
is a solution of problem (1) when f(t) = ξ − t2/4. See for
instance Valle´e & Soares (2004) for applications of the Airy
function, including the solution to the heat equation.
(c) Rayleigh type equation. Let
ν(t, x) =
1
2pi
∫ ∞
−∞
exp
{
iλx− 1
2
λ2t− λ
4
4
}
dλ
be the so-called Pearcey function. Then problem (1) is solved
in the case in which the function f solves
f ′′(t) = 2[f ′(t)]3 − 1
2
tf ′(t)− 1
4
f(t).
See Herna´ndez-del-Valle (2016) for its derivation and further
related literature.
(d) In general one could try to find a function f that solves (1),
whenever ν is a linear combination of n solutions {νj}j=1,...,n to
the heat equation. That is
ν(t, x) = a1ν1(t, x) + · · ·+ anνn(t, x).
See for instance (2).
We note that there is no straightforward way to solve problem (1) [see
for instance De Lillo & Fokas (2007) which study this problem using
integral equations]. Let us distinguish the following possibilities:
(a.1) Given that ν solves the heat equation then f solves (1).
(b.1) For a given moving boundary f , there exists a solution ν to the
heat equation, such that (1) holds.
The main objective of this work is to find a solution of the heat equation
which solves problem (1) in the case in which the moving boundary f
is cubic, that is, f(t) = bt3, for b ∈ R and t ≥ 0. However, as will show
throughout the document, the methodology could in principle be used
to solve this problem to at least the case in which the boundaries f are
polynomial in t.
The technique used to achieve our goal is remarkably straightfor-
ward, and is based in analyzing the convolution between the funda-
mental solution of the heat equation and some real valued and suffi-
ciently smooth function φ. In Herna´ndez-del-Valle (2016) the author
uses similar arguments, but in that work the problem is of the type
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(a.1). In contrast in the present paper, the problem is as the one posed
in (b.1). What we will show is that making use of the technique de-
scribed within, we may find a function φ which convolved with the
fundamental solution to the heat equations leads to solutions of the
type (b.1) in the case in which the boundary is quadratic and cubic.
We suspect that the technique could be generalized to the case in which
the boundary has an arbitrary integer power.
The paper is organized as follows, in Section 2 the technique used
to link solutions v of heat equation with moving boundaries f is intro-
duced in the case in which the linking function φ is C2. Subsequently,
in Section 3, we derive the solution of the heat equation with a cubic
absorbing boundary in detail. In this section we also provide a numer-
ical example which can be replicated. Finally, we conclude in Section
4 with some final remarks and work in progress.
2. Preliminary results
Remark 2.1. For the remainder of this document, given any function
f , its n-th partial derivative with respect to the state variable x will be
denoted as f (n).
In this section we derive some algebraic properties, which subse-
quently will be extended in the following section, of the convolution
between the fundamental solution of the heat equation and a C2 func-
tion φ . To this end we will make use of the following Lemma
Lemma 2.2. Let {vj}n≥0 be the sequence of functions defined as
eiλx−λ
2t/2 =
∞∑
j=0
vj(t/2, x)
(iλ)j
j!
, (4)
be each a solution to the heat equation. Then
dp
dλp
[
eiλx−λ
2t/2
]
= vp(−t/2, ix− λt)eiλx−λ2t/2. (5)
Proof. For j ≥ 1 the following recurrence relation (which can be verified
by induction) holds for the vj in (4):
vj+1(t, x) = xvj(t, x) + jtvj−1(t, x).
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Thus
d
dλ
[
eiλx−λ
2t/2
]
=
∞∑
j=0
vj+1(t/2, x)i
j+1λ
j
j!
= i
∞∑
j=0
vj+1(t/2, x)i
j λ
j
j!
= i
∞∑
j=0
(xvj + jtvj−1)i
j λ
j
j!
= ix
∞∑
j=0
vji
j λ
j
j!
+ i
∞∑
j=0
jtvj−1i
j λ
j
j!
= ix
∞∑
j=0
vji
j λ
j
j!
+ i2λt
∞∑
j=0
vj−1i
j−1 λ
j−1
(j − 1)!
= (ix− λt)eiλx−λ2t/2
= v1(t, ix− λt)eiλx−λ2t/2.
So if we let
h(λ) = eiλx−λ
2t/2 and y = ix− λt
then
d2h
dλ2
= (−tv0 + yv1)h
= v2(−t/2, y)h
and
d3h
dλ3
=
∂
∂λ
v2h + v2
∂
∂λ
h
=
∂y
∂λ
∂v2
∂y
h + v2
∂h
∂λ
= −2tv1h + yv2h
= (yv2 − 2tv1)h
= v3(−t/2, y)h.
Hence an induction argument shows that (5) holds. 
Proposition 2.3. For p, q, r ∈ N, let φ be a solution to
xpφ(2)(x) = axqφ(1)(x) + bxrφ(0)(x) x ∈ R, (6)
and let vn be as in (4). Then given that φ is the Fourier transform of a
solution φ to (6), there exists a function ν that solves the heat equation
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ν defined as
ν(t, x) :=
1
2pi
∫ ∞
−∞
φ(λ)eiλx−λ
2t/2dλ (t, x) ∈ R+ × R,
and satisfies the following relationship as well
(−i)p
∫
(iλ)2φ(λ)vp(−t/2, ix− λt)eiλx−λ2t/2dλ (7)
= (−i)qa
∫
(iλ)1φ(λ)vq(−t/2, ix− λt)eiλx−λ2t/2dλ
+(−i)rb
∫
φ(λ)vr(−t/2, ix− λt)eiλx−λ2t/2dλ.
Proof. Let p, q, r ∈ N, and let φ be a solution to (6). Applying the
Fourier transform to both sides of identity (6) yields
ip
dp
dλp
[
(iλ)2φ(λ)
]
= aiq
dq
dλq
[
(iλ)1φ(λ)
]
+ bir
dr
dλr
[
φ(λ)
]
.
Next, we convolve (or average) each term of the previous expresion,
with the Fourier transform of the fundamental solution to the heat
equation to obtain
∫
eiλx−λ
2t/2ip
dp
dλp
[
(iλ)2φ
]
dλ (8)
= a
∫
eiλx−λ
2t/2iq
dq
dλq
[
(iλ)1φ
]
dλ+ b
∫
eiλx−λ
2t/2ir
dr
dλr
[
φ
]
dλ.
In order to make the previous expression depend only on the derivatives
of
eiλx−λ
2t/2,
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we recall that for arbitrary differentiable functions f and g, the inte-
gration by parts formula reads∫
f
dpg
dxp
dx =
∫
fd
[
dp−1g
dxp−1
]
= f
[
dp−1g
dxp−1
]
−
∫ [
dp−1g
dxp−1
]
f (1)dx
= −
∫ [
dp−1g
dxp−1
]
f (1)dx
=
∫ [
dp−2g
dxp−2
]
f (2)dx
...
= (−1)p
∫
gf (p)dx
under appropriate conditions either on the functions f and g or on the
limits of integration. Hence, the identity in (8) can also be expressed
as
(−i)p
∫
(iλ)2φ
dp
dλp
[
eiλx−λ
2t/2
]
dλ
= (−i)qa
∫
(iλ)1φ
dq
dλq
[
eiλx−λ
2t/2
]
dλ
+(−i)rb
∫
(iλ)0φ
dr
dλr
[
eiλx−λ
2t/2
]
dλ.
Thus, equation (8) follows from the latter equality and (5). 
Furthermore, we observe the following:
Remark 2.4. Suppose there exist a pair of functions ν and f that solve
the moving boundary problem of the heat equation (1). Then, from the
definition of the heat equation, the following identities should hold
f ′(t)ν(1)(t, f(t)) +
1
2
ν(2)(t, f(t)) = 0
and
f ′′(t)ν(1) + f ′(t)(f ′(t)ν(2) + ν(3)) +
1
4
ν(4) = 0.
We are now ready to present the main result of this section which will
make use of Proposition 2.3 and Remark 2.4. Furthermore, the result
links a family of paired functions ν and f , which solve (1), through a
specific C2 function φ.
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Theorem 2.5. For given fixed coefficients d0, d1, c0, c1, c2 ∈ R, let φ be
a real-valued solution of the following ODE
φ(2)(x) =
1∑
j=0
djx
jφ(1)(x) +
2∑
j=0
cjx
jφ(x), x ∈ R. (9)
In addition at least one of the coefficients d1, c2 are different from zero.
Then, if there exists a function f for which (1) holds it should be of the
following form
f(t) =
−d0d1 − 2c1 − 2c2d0t+ c1d1t
d21 + 4c2
+
√
−1 + d1t + c2t2 · C,
where C is an arbitrary constant.
Proof. If the function φ is a solution of (9), it follows from Proposi-
tion 2.3 that its convolution with the fundamental solution of the heat
equation yields
(1− d1t− c2t2)ν(2)(t, x)
= (d0 + d1x+ c1t + c22tx)ν
(1)(t, x) (10)
+(c0 + c1x+ c2x
2 + c2t/2)ν
(0)(t, x).
Now, suppose that there exists a function f such that ν(t, f(t)) = 0.
Then, from (10),
(1− d1t− c2t2)ν(2)(t, f(t))
= (d0 + c1t + [d1 + 2c2t]f(t))ν
(1)(t, f(t))
and, from Remark 2.4,
ν(2)(t, f(t)) = −2f ′(t)ν(1)(t, f(t)).
Thus, equating the two previous expressions we have that
−2f ′(t)(1− d1t− c2t2) = (d0 + c1t+ [d1 + 2c2t]f(t)).
This implies that f , which solves the later ODE, has the following
general solution (by standard techniques) as long as at least one of the
coefficients d1, c2 are different from zero
f(t) =
−d0d1 − 2c1 − 2c2d0t+ c1d1t
d21 + 4c2
+
√
−1 + d1t + c2t2 · C.

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3. Derivation of the cubic boundary
In this section we present the main result of this paper. Namely,
given that f is a cubic moving boundary, we find a C3 function φ
which solves the moving boundary problem of the heat equation (1).
Theorem 3.1. Suppose that the moving boundary f in (1) is f(t) =
−b2/8 · t3. Furthermore let b2 ∈ R\{0}, and φ be a real-valued function
that satisfies that
φ′′′(x) = b2x
2φ(x). (11)
Then there exists a real valued solution of (11), which convoluted with
the heat kernel yields a function ν that solves problem (1).
Before we present the proof of the theorem, we provide an example.
Example 3.2. For b2 = −1, the function
φ(x) :=
x
53/5
·0F2
[{}
,
{4
5
,
6
5
}
,− x
5
125
]
,
defined in terms of the generalized hypergeometric function ·0F2, solves
(11). Furthermore, let
h(t, x) :=
1√
2pit
exp
{
−x
2
2t
}
for x ∈ R, t ≥ 0.
Then, the convolution of h and ν
ν(t, y) =
∫ ∞
−∞
h(t, x)φ(y − x)dx
is a solution to the heat equation in problem (1) when f(t) = t3/8.
That is
ν(t, t3/8) = 0 ∀t ≥ 0.
Numerical Example 3.3. We carry out some numerical calculations
with the functions described in Example 3.2 using Mathematica. The
code and results are the following:
DSolve [{ f ’ ’ ’ [ x ] == −x ˆ2∗ f [ x ] , f [ 0 ] == 0} , f [ x ] , x ]
f [ x , C , D ] :=
1/25 (5 5ˆ(2/5) x∗C∗HypergeometricPFQ [{} , {4/5 , 6/5} , −(x ˆ5/125) ] +
5ˆ(4/5) x ˆ2∗D∗HypergeometricPFQ [{} , {6/5 , 7/5} , −(x ˆ5/125) ] )
gau [ t , x , y ] := 1/ Sq r t [2∗ Pi∗ t ]∗Exp[−( x − y )ˆ2/(2∗ t ) ]
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Table [ N In t e g ra t e [
f [−x + ( i /20)ˆ3/8 , 1 , 0 ]∗ gau [ i /20 , x , 0 ] , {x , −I n f i n i t y ,
I n f i n i t y } ] , { i , 10} ]
Out={−5.96311∗10ˆ−19 , −6.83047∗10ˆ−18 , −5.64802∗10ˆ−18 ,
9.97466∗10ˆ−18 , −3.25261∗10ˆ−18 , −2.71051∗10ˆ−18 , −7.80626∗10ˆ−18 ,
−3.46945∗10ˆ−18 , −6.50521∗10ˆ−18 , −9.86624∗10ˆ−18}
Table [ N In t e g ra t e [
f [−x + ( i /20)ˆ3/8 + 2 , 1 , 0 ]∗ gau [ i /20 , x , 0 ] , {x , −I n f i n i t y ,
I n f i n i t y } ] , { i , 10} ]
Out={0.530853 , 0 .49626 , 0 .46151 , 0 .426968 , 0 .392976 , 0 .359844 , 0 .327851 ,
0 .297236 , 0 .268196 , 0.240891}
The proof of Theorem 3.1 is in the spirit of the proof of Theorem
2.5. The only difference is that that the function φ, which links ν and
the boundary f in problem (1), is now C3 instead of C2.
Proof of Theorem 3.1. For arbitrary constants d0, d1, c0, c1, c2, b0, b1, b2, b3 ∈
R let φ be a real-valued solution of the following equation
φ(3) =
1∑
j=0
djx
jφ(2) +
2∑
j=0
cjx
jφ(1) +
3∑
j=0
bjx
jφ(0).
A direct application of Proposition 2.3 to the latter identity yields
ν(3) = d0ν
(2) + d1xν
(2) + d1tν
(3) + c0ν
(1) + c1xν
(1) + c1tν
(2)
+c2x
2ν(1) + c22txν
(2) + c2t
2ν(3) + c2tν
(1)
+b0ν
(0) + b1xν
(0) + b1tν
(1) + b2x
2ν(0) + b22txν
(1)
+b2t
2ν(2) + b2tν
(0) + b33t
2ν(1) + b3t
3ν(3)
+b33txν
(0) + b33t
2xν(2) + b33tx
2ν(1) + b3x
3ν(0).
After factorizing coefficients, taking derivatives with respect to x, and
evaluating at x = f(t), yields
(1− d1t− c2t2 − b3t3)ν(3)
= (d0 + d1x+ c1t + c22tx+ b2t
2 + b33t
2x)ν(2)
+
(
c0 + c1x+ c2x
2 + c2t+ b1t + b22tx+ b33t
2 + b33tx
2
)
ν(1)
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and
(1− d1t− c2t2 − b3t3)ν(4)
= (d0 + d1x+ c1t+ c22tx+ b2t
2 + b33t
2x)ν(3)
+
(
d1 + c0 + c1x+ c2x
2 + c22t+ c2t + b1t+ b22tx
+b33t+ b33t
2 + b33tx
2
)
ν(2)
+
(
c1 + c22x+ b0 + b1x+ b2x
2 + b22t+ b2t
+b33tx+ b36tx+ b3x
3
)
ν(1).
Next, if
d1 = c2 = b3 = 0
it follows that
ν(3) = (d0 + c1t + b2t
2)ν(2) + (c0 + c1x+ b1t+ b22tx)ν
(1) (12)
ν(4) = (d0 + c1t + b2t
2)ν(3) (13)
+(c0 + c1x+ b1t+ b22tx)ν
(2)
+(c1 + b0 + b1x+ b2x
2 + b22t + b2t)ν
(1).
From (12) and the first identity in Remark 2.4 we obtain
ν(3) =
[
− 2f ′(t){d0 + c1t + b2t2}
+(c0 + c1f(t) + b1t+ b22tf(t))
]
ν(1).
Next, from the second equation of Remark 2.4 and the previous identity
ν(4) = [−4f ′′(t) + 8(f ′(t))3]ν(1) (14)
−4f ′(t)[− 2f ′(t){d0 + c1t + b2t2}
+(c0 + c1f(t) + b1t+ b22tf(t))
]
ν(1).
In turn, from (13)
ν(4) = (d0 + c1t+ b2t
2)
[− 2f ′(t){d0 + c1t+ b2t2} (15)
+(c0 + c1f(t) + b1t+ b22tf(t))
]
ν(1)
+(c0 + c1f(t) + b1t + b22tf(t))(−2f ′(t))ν(1)
+(c1 + b0 + b1f(t) + b2f
2(t) + b23t)ν
(1).
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Thus equating the right-hand sides of equations (14) and (15) it follows
that
−4f ′′(t) + 8(f ′(t))3 + 8(f ′(t))2{d0 + c1t + b2t2}
−4f ′(t){c0 + c1f(t) + b1t + b22tf(t)}
= −2f ′(t){d0 + c1t+ b2t2}2
+(c0 + c1f(t) + b1t+ b22tf(t))(d0 + c1t+ b2t
2)
−2f ′(t)(c0 + c1f(t) + b1t + b22tf(t))
+(c1 + b0 + b1f(t) + b2f
2(t) + b23t),
which is further simplified by setting d0 = c1 = b1 = c0 = 0
−4f ′′(t) + 8(f ′(t))3 + 8(f ′(t))2b2t2 − 4f ′(t)2tb2f(t)
= −2f ′(t)b22t4 + 2tb2f(t)b2t2
−2f ′(t)2b2tf(t) + b2f 2(t) + 3b2t,
or equivalently
−4f ′′(t) + 2f ′(t)[4(f ′(t))2 + 4b2t2f ′(t)− 2b2tf(t) + b22t4]
−b2f(t)[2b2t3 + f(t)]− 3b2t = 0.
Now, in order the verify the statement of the theorem, let f(t) = δt3,
so f ′(t) = 3δt2, f ′′(t) = 6δt. Then substitute the values of f , f ′ and
f ′′ in the latter identity, in order to obtain
−24δt− 3b2t+ 2(3δt2)(4 · 9δ2t4 + 4b2t2 · 3δt2 − 2b2tδt3 + b22t4)
−b2δt3(2b2t3 + δt3) = 0,
or equivalently
−3t(8δ + b2) + 6δt2(36δ2t4 + 12b2δt4 − 2b2δt4 + b22t4)
−b2δt3(2b2t3 + δt3) = 0.
Factorizing in terms of t and t6 we have
−3t(8δ + b2)
δt6(216δ2 + 72b2δ − 12b2δ + 6b22 − 2b22 − b2δ) = 0.
Finally for the last expression to hold for all t ≥ 0 it should hold that
δ = −b2/8.
But this also yields
216b22/64− 59b22/8 + 4b2/2 = 0
and thus the proof is complete. 
12 GERARDO HERNA´NDEZ-DEL-VALLE
4. Concluding Remarks
In this work we find a solution to the problem of the heat equa-
tion equation with a cubic killing moving boundary. The procedure
described within also suggests there might be a relationship between
the smoothness of the convoluting function φ and the power of the
moving boundary f . In particular, we show in the present work that
for p = 2, 3 this relationship holds. A more general descripction of the
procedure presented in the present work is in progress.
References
[1] Berry, M. V. and Klein, S. (1996) Colored diffraction catastrophes, Proc. Natl.
Acad. Sci. USA 93, pp. 2614–2619.
[2] Bjo¨rk (2009). Arbitrage Theory in Continuous Time, Oxford.
[3] Davis, M.H.A. and Pistorius, M.R. (2010). Quantification of counterparty risk
via Bessel bridges. Working paper.
[4] De Lillo, S. and Fokas, A. S. (2007) The Dirichlet-to-Neumann map for the
heat equation on a moving boundary, Inverse Problems , 23, pp. 1699–1710.
[5] Hernandez-del-Valle, G. (2012) On hitting times, Bessel bridges and
Schro¨dinger’s equation, Bernoulli , 19 (5A), pp. 1559–1575.
[6] Herna´ndez-del-Valle, G. (2016) On the zeros of the Pearcey integral and a
Rayleigh-type equation, Bol. Soc. Mat. Mex. Accepted, DOI: s40590-016-0142-
6
[7] Kaminski, D. and Paris, R. B. (1999) On the zeros of the Pearcey integral, J.
of Comput. and Appl. Math., 107, pp. 31–52.
[8] Karatzas, I. and Shreve, S. E. (1991) Brownian motion and Stochastic Calcu-
lus , wnd ed. Graduate Texts in Mathematics 113. New York: Springer.
[9] Martin-Lo¨f, A. (1998) The final size of a nearly critical epidemic, and the first
passage time of a Wiener process to a parabolic barrier, J. Appl. Probab., 35,
pp. 671–682.
[10] Valle´e, O. and Soares, M. (2004) Airy Functions and Applications to Physics ,
Implerial College Press, London.
Direccio´n General de Investigacio´n Econo´mica, Banco de Me´xico,
Av. 5 de Mayo # 18, Col. Centro Histo´rico, Me´xico, D.F. CP 06059
E-mail address : gerardo.hernandez@banxico.org.mx
